In this note, necessary and sufficient conditions for laws of the iterated logarithm are developed for exchangeable random variables.
variables under certain boundedness conditions. Hartman and Winter in 1941 verified that the LIL is universally true for i.i.d, random variables when the second moment exists. There are certain extensions of the LIL to martingales. However, there appears to have been no discussions on this problem for exchangeable random variables. We address this problem in this paper and extend the LIL to exchangeable random variables with necessary and sufficient conditions for the LIL in terms of conditional mean and variance.
Random variables (r.v.'s) X1," ,X, are said to be exchangeable if the joint distribution of X1,-.-,X,, is permutation invariant. A sequence of r.v.'s {X,} is said to be exchangeable if every finite subset of the sequence is exchangeable. Obviously definitely not be a sequence of independent r.v.'s as long as P(X < a)P(X, < b)+ P(X > -a)P(X, > -b) P(X, < a)P(X, > -a)+ P(Xx < b)P(X, > -b).
A similar example can be constructed to show that under certain conditions the LIL holds for martingales but fails for exchangeable r.v.'s and vice versa. Thus, conditions for the LIL to hold may be very different for exchangeable r.v.'s than for independent r.v.'s or martingales.
Necessary and sufficient conditions for the LIL to hold for exchangeable r.v.'s are established in the next section.
THE LIL FOR EXCHANGEABLE r.v.'s.
Below we establish the LIL and give the necessary and sufficient conditions for exchangeable r.v.'s to satisfy the LIL by using de Finetti's theorem. Let q denote the collection of distribution functions on R (real numbers) and provide with topology of weak convergence of distribution functions. Then, de Finetti's theorem [2] asserts that for an infinite sequence of exchangeable r.v.'s {X,,} there exists a probability measure # on the Borel a-field Z of subsets of such that P{g(X,, .,X,,) e B} I PF g[X,, .,X,] B} d(F) (1.4) for any B and any Borel function g:R"--R,n > 1. Moreover, PRIg(X1,...,X,,) B] is computed under the assumption that the sequence of r.v.'s {X,} is i.i.d, with common distribution function F, where EFg(X,) is the conditional mean obtained by integrating g(x) with respect to P F given by (1.4). From ( (1.15) is still true when cr F ----0 as a trivial case and a x is excluded from consideration in view of the fact that EaSE <_ E EFX a < oo. The contradiction of (1.15) to (1.10) makes the assertion 'v --0,/-a.s.. A similar argument from (1.11) and (1.12) concludes , _> 0, #-a.s., thus, F 0, /-a.s., has been confirmed. With this, we can reduce (1.10) and (1.11) to (x-,/// oo , >_ ,, i.o.
(1./ { 0 1 fr any c > for any c < 1' #-a.s., A comparison of (1.12) with (1.16) yields a F a, # a.s., to complete the proof of Theorem 1.
We remark that the conditions of Theorem are satisfied of a and b 1, but are not satisfied if a 2 and b 0. EXAMPLE 2. Let X be a random variable with EX 0 and 0 < EX=< x), and let X, X,n >_ 1. Then (1.7) and (1.6) clearly fail for the exchangeable sequence {X,,n >_ 1}.
For a sequence of random variables {X,,n >_ 1}, let T be the tail a-field defined by T a(X3: J >n) and let 
